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Abstract 

Given a set of vertices S = {vi, v%, u^} of a connected graph 
G, the metric representation of a vertex v of G with respect to S 
is the vector r(v\S) = (d(v, v\), d(v, V2), d(v, Vk)), where d(v,Vi), 
i G {1, k} denotes the distance between v and u,. 5 is a resolving 
set for G if for every pair of vertices u,v of G, r(u\S) ^ r(v\S). The 
metric dimension of G, dim(G), is the minimum cardinality of any 
resolving set for G. Let G and H be two graphs of order n\ and 
ri2, respectively. The corona product G H is defined as the graph 
obtained from G and H by taking one copy of G and n\ copies of H 
and joining by an edge each vertex from the i th -copy of H with the 
z -vertex of G. For any integer k > 2, we define the graph G Q k H 
recursively from G H as G Q k H = (G fe_1 H) H. We give 
several results on the metric dimension of G Q k H. For instance, 
we show that given two connected graphs G and H of order n\ > 2 
and ri2 > 2, respectively, if the diameter of H is at most two, then 
dim(G Q k H) = 711(712 + l) fc_1 dim(H) . Moreover, if ri2 > 7 and 
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the diameter of H is greater than five or H is a cycle graph, then 
dim(G Q k H) = m(n 2 + if^dim^ H). 
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1 Introduction 

The concepts of resolvability and location in graphs were described inde- 
pendently by Harary and Melter [10] and Slater [19], to define the same 
structure in a graph. After these papers were published several authors de- 
veloped diverse theoretical works about this topic [3, 4, 5, 6, 7, 16, 18, 20]. 
Slater described the usefulness of these ideas into long range aids to nav- 
igation [19]. Also, these concepts have some applications in chemistry for 
representing chemical compounds [14, 15] or to problems of pattern recogni- 
tion and image processing, some of which involve the use of hierarchical data 
structures [17]. Other applications of this concept to navigation of robots 
in networks and other areas appear in [6, 12, 16]. Some variations on re- 
solvability or location have been appearing in the literature, like those about 
conditional resolvability [18], locating domination [11], resolving domination 
[1] and resolving partitions [5, 8, 9, 21]. In this article we study the metric 
dimension of corona product graphs. 

We begin by giving some basic concepts and notations. Let G = (V, E) 
be a simple graph of order n = \V\. Let u,v G V be two different vertices 
in G, the distance dc{u,v) between two vertices u and v of G is the length 
of a shortest path between u and v. If there is no ambiguity, we will use 
the notation d(u,v) instead of dc{u,v). The diameter of G is defined as 
D{G) = ma.x uv€V {d(u,v)}. Given u,v G V, u ~ v means that u and v are 
adjacent vertices. Given a set of vertices S = v 2 , ...,Vk} of a connected 
graph G, the metric representation of a vertex v G V with respect to S is the 
vector r(v\S) = (d(v, Vi), d(v, v%), d(v, i^)). We say that S is a resolving 
set for G if for every pair of distinct vertices u, v G V, r(u\S) ^ r(v\S). The 
metric dimension of G is the minimum cardinality of any resolving set for G, 
and it is denoted by dim(G). 

Let G and H be two graphs of order ri\ and ri2, respectively. The corona 
product G H is defined as the graph obtained from G and H by taking one 
copy of G and n\ copies of H and joining by an edge each vertex from the 



2 



i th -copy of H with the z^-vertex of G. We will denote by V = {v\, V2, • v n } 
the set of vertices of G and by Hi = (Vi, the copy of H such that Vi ~ t> 
for every t> G VJ. Notice that the corona graph K\ © H is isomorphic to the 
join graph K\ + H . For any integer k > 2, we define the graph G fc H 
recursively from G Q H as G Q k H = (G O^'" 1 H) iJ. We also note that 
the order of G Q k H is 711(712 + 

2 Metric dimension of corona product graphs 

We begin by presenting the following useful facts. 

Lemma 1. Let G = (V,E) be a connected graph of order n > 2 and let H 
be a graph of order at least two. Let Hi = (Vi, Ei) be the subgraph of G © H 
corresponding to the i th -copy of H. 

(i) Ifu,v G Vi, then daeH(u, x) = da&H(v, x) for every vertex x of G H 
not belonging to Vi. 

(ii) If S is a resolving set for GQH , then ViCiS 7^ for every i G {1, ...,n}. 

(iii) If S is a resolving set for G&H of minimum cardinality, then VdS = 0. 

(iv) If H is a connected graph and S is a resolving set for G H , then for 
every i G {1, .., n}, 5" D Vi is a resolving set for Hi. 

Proof, (i) Let y = V{ G V. The result directly follows from the fact that 
d GQH (u,x) = d G QH(u,y)+d GQH (y,x) = d GQH (v,y)+d GQH (y, x) = d GQH (v,x) 

(ii) We suppose Vi PI S = for some i G {l,...,n}. Let x,y G Vi. By 
(i) we have d GQH (x,u) = d GQH (y,u) for every vertex u G S, which is a 
contradiction. 

(iii) We will show that 5" = S — V is a resolving set for G H. Now let 
x, y be two different vertices of G H. We have the following cases. 

Case 1: x, y G Vi. By (i) we conclude that there exist v G Vi fl S' such 
that d G&H (x,v) ^ d GQH (y,v). 

Case 2: x E Vi and y G Vj, i ^ j. Let u G Vi fl 5". Then we have 
d GeH (x, v) < 2 < 3 < d GQH (y, v). 

Case 3: x,y E V. Let x = and let v G H S". Then we have 
d GQ H(x, v) = 1 <1 + d GQH (y, x) = d GQH (y, v). 
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Case 4: x G Vi and y G V. If x ~ y, then y = t>j. Let Vj E V, j ^ i, and 
let v G fl S". Then we have d GG n(x,v) = 1 + d GGH (y,v) > d GQ H{y^v). 
For x ^ y = vi we take ?; G VJ fl S' and we obtain d G& H{x, v) = d GQ H(x, y) + 
d GQH (y,v) > d GQH (y,v). 

Therefore, 5" is a resolving set for G H. 

(iv) Let Si = S fl Vi. For x G 3$ or y G the result is straightforward. 
We suppose x,y & Vi — S^. Since 5 is a resolving set for G Q H, we have 
r(xlS') 7^ r(ylS'). By (i), d GQH (x,u) = d GQH (y,u) for every vertex u of 
G Q H not belonging to VJ. So, there exists v E Si such that d GQ n(x,v) ^ 
d GQ H{y, v). Thus, either (v ~ x and v ^ y) or (v ^ x and t> ~ y). In the first 
case we have d GQ H(x,v) = d H .(x,v) = 1 and daoH(y, v ) = 2 < 
The case v ^ x and t> ~ ?/ is analogous. Therefore, Si is a resolving set for 
Hi. □ 

Theorem 2. Let G and H be two connected graphs of order n\ > 2 and 
n>2 > 2, respectively. Then, 

dim(G Q k H) > m(n 2 + lf^dimiH). 

Proof. Let 5 be a resolving set of minimum cardinality in G if. From 
Lemma 1 (iii) we have that 5flV = 0. Moreover, by Lemma 1 (ii) we have 
that for every i G {1, ...,ni} there exist a nonempty set ^ C Vj such that 
S = ljr=i Now, by using Lemma 1 (iv) we have that Si is a resolving set 
for Hi. Hence, dim(G Q H) = \S\ = |5<| > Ef=i ^m(if) = n^im^H). 
As a result, the lower bound follows. □ 

Theorem 3. Let G be a connected graph of order n\ > 2 and let H be a 
graph of orders > 2. If D(H) < 2, then 

dim(G Q k H) = n x {n 2 + \) k ~ x dim{H). 

Proof. Let Si C Vi be a resolving set for iij and let S* = [X=i We w * u 
show that S is a resolving set for GoH. Let us consider two different vertices 
x,y of G if. We have the following cases. 

Case 1: x, y G V^. Since D(Hi) < 2, we have that r(a;|5'j) 7^ r(y|S'i) leads 
to r(x\S) 7^ r(y|S'). 

Case 2: x & Vi and y & Vj, i ^ j. Let w G Hence we have <i(x, < 
2 < 3 < d(y,v). 

Case 3: x,y G V. Let x = i^. Then for every vertex v G Si we have 
d(x,v) = 1 < d(y,x) + 1 = d(y,v). 
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Case 4: x G Vj, and y G V. If x ~ then let w G Sj, for some j 7^ 2. So 
we have d(x, v) = 1 + d(y,v) > d(y,v). Moreover, if x 7^ y = Vj, for v G Sj 
we have d(x, v) = d(x, y) + d(y, v) > d(y, v). 

Thus, for every different vertices x, y of GQH, we have r(x\S) 7^ r(y\S), 
as a consequence, dim{G & H) < nidim(H). Therefore, we have dim{G Q k 
H) < ni(n2 + l) k ~ 1 dim(H). By Theorem 2 we conclude the proof. □ 

In order to show a consequence of the above theorem we present the 
following well known result, where K t denotes a complete graph of order t, 
K Sjt denotes a complete bipartite graph of order s + t and N t denotes an 
empty graph of order t. 

Lemma 4. [6] Let G be a connected graph of order n > 4. Then dim(G) = 
n - 2 if and only if G = K s>t , (s,t > I), G = K s + N t , (s > 1, t > 2), or 
G = K s + (K 1 UK t ), (s,t>'l). 

Corollary 5. Let G be a connected graph of order n\ > 2 and let H be a 
graph of order n2 > 4 and diameter D(H) < 2. Then 



if and only if H = K s<t , (s,t > 1); H = K s + N t , (s > I, t > 2), or 
H = K s + (K 1 UK t ), (s,t>l). 



We recall that the wheel graph of order n+1 is defined as W\ yTl = KiQC n , 
where K\ is the singleton graph and C n is the cycle graph of order n. The 
metric dimension of the wheel W\ )Tl was obtained by Buczkowski et. al. in 



The fan graph F ni n2 is defined as the graph join N ni + P n2 , where N ni 
is the empty graph of order ni and P n2 is the path graph of order n<i- The 
case ni = 1 corresponds to the usual fan graphs. Notice that, for the metric 
dimension of fan graphs, it is possible to find an equivalent result to Remark 
6 which was obtained by Caceres et. al. in [4]. 



dim(G Q k H) = m(n 2 + l) fc_1 (n 2 - 2) 




Remark 6. [2] Let Wi jn be a wheel graph. Then 




3 for n = 3, 6, 

2 for n = 4,5, 

L^lPJ otherwise. 
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Remark 7. [4] Let Fi n be a fan graph. Then 



dim(F hr 



1 for n = 1 , 

2 forn = 2, 3, 

3 for n = 6, 
L^ipJ otherwise. 



As a particular case of the Theorem 3 we obtain the following results. 

Corollary 8. Let G be a connected graph of order n\ > 2. If H is a wheel 
graph or a fan graph of order n 2 > 8, then 



dim(G Q k H) = m(n 2 + 1 



,fc-i 



2n, 



Theorem 9. Let G be a connected graph of order n\ > 2 and let H be a 
graph of order n 2 > 2. Let a be the number of connected components of H 
of order greater than one and let f3 be the number of isolated vertices of H. 
Then 



dim(G Q k H)< < 



n l{ n 2 + l) fc 1 { n 2 — Oi 

ni(n 2 + l) fe_1 (n 2 



nAn 2 + 1 



n 2 



for a > 1 and (3 > 1, 
for a > 1 and (3 = 0, 
for a = . 



Proof. We suppose a > 1 and /3 > 1. Let Ai be the set of vertices of G H 
formed by all but one of the vertices per each of the a connected components 
oi Hi. If > 2 we define Bi to be the set of vertices of G H formed by 
all but one of the isolated vertices oi Hi. If /3 = 1 we assume Bi = 0. Let 
us show that S = U"i 1 (ylj U Bj) is a resolving set for G H. Let x, y be 
two different vertices of G © H. We suppose x,y S. We have the following 
cases. 

Case 1. x = Vi e V and y £ Vi. For every vertex u G Vj (1 S, j ^ i, we 
obtain <i(?/, w) = <i(y, x) + d(x, u) > d(x, u). 

case 2. a; = v i G V and y ^ Vi. For every w e S D we have d(x, v) = 
1 < d(y,v). 

Case 3. x e Vi and y G V^, j ^ i. For every u E Vi H S we have 
d(x,u) < 2 < 3 < d(y,u). 
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Case 4. x, y G V^. We consider, without loss of generality, that x is not 
an isolated vertex in Hi. Then there exists v G Vi D S 1 such that t> ~ x, so 
u) = 1 < 2 = u). 

Thus, for every two different vertices x, y of G H, we obtain r(x|5) 7^ 
r(y\S) and, as a consequence, dim(G Q H) < ni(n 2 — a — 1). 

As above, if (3 = then we take £ = Uj^Aj and we obtain dim(G 
-£0 < n i( n 2 — a ) and if a = 0, then we take S = U^^Bj and we obtain 
dim(G H) < n\{n2 — 1). Note that if a = 0, then it is not necessary to 
consider Case 4. Thus, the result follows. □ 

Corollary 10. Let G be a connected graphs of order n\>2 and let H be an 

unconnected graph of order n 2 > 2. Then 

dim{G Q k H) = m(n 2 + l)*" 1 ^ - 1) 
if and only if H = N n2 . 

Proof. In [13] the authors showed that dim(G © N n2 ) = n\(ri2 — 1). Hence, 
dim(GQ k N n2 ) = ni(ri2+l) k ~ 1 (n2 — 1). Moreover, by the above theorem, if H 
is unconnected and H ^ iV n2 , then dim(GQ k H) < ni(n 2 + l) k ~ 1 (n 2 — 2). □ 

Theorem 11. Let G and H be two connected graphs of order n\ > 2 and 
> 3, respectively. Then 

dim{G & k H) = m(n 2 + l) fc_1 (n2 - 1) 

if and only if H = K n2 . Moreover, if H ^ K n2 , then 

dim(G Q k H) < n x (n 2 + l) fe_1 (n 2 - 2). 

Proof. Since dim(K n2 ) = n 2 — 1, by Theorem 3 we conclude dim(GQ k K n2 ) = 
n i( n 2 + \) k ~ 1 {n 2 — 1)- On the contrary, we suppose H ^ K n2 . Given a set 
X of vertices of H and a vertex v of H, Nx{v) denotes the set of neighbors 
that v has in X: Nx{v) = {u G X : u ~ v}. Given two vertices a, b of if, let 
J a ^6 be the set formed by all vertices of H different from a and b. Since H is 
a connected graph and H ^ K n2 , there exist at least two vertices a, b of H 
such that Nx ab (a) ^ Nx a b (b). Let a;, be the vertices corresponding to a, 6, 
respectively, in the i th -copy Hi = (Vi,Ei) of H. Let S = - {a,,^}). 

We will show that S is a resolving set for G Q H. Let x, ?/ be two different 
vertices of G © H such that x,y S. We have the following cases. 
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Case 1. x = cii and y = bi. Since N Xab (a) ^ N Xab {b) we have r(x\S) ^ 
r(y\S). 

Case 2. x — Vi E V and y E Vi. For every v E Vj — {cij, bj}, j ^ i, we 
have d(y,v) = d(y,x) + d(x,v) > d(x,v). If x E Vi and y E Vj, j ^ i, then 
for every v E Vi — {oj, bi} we have d(x, v) < 2 < 3 < d(y, v). 

Case 3. x,y E V. Say x = Then for every v E V, — {a,j, we have 
d(x, v ) = 1 < u). 

Hence, for every two different vertices x, y of G if, we obtain r(x|S') 7^ 
r(?/|S'). Thus, dim{G ii) < n\{n2 — 2). Therefore, the result follows. □ 

As we have shown in Corollary 5, the above bound is tight. 

Theorem 12. Let G be a connected graph of order n\ > 2 and let H be a 
graph of order ri2>2. Then 

dim(G Q k H) < m(n 2 + if^dim^ H). 

Proof. We denote by KiQHi the subgraph of G&H, obtained by joining the 
vertex Vi E V with all vertices of Hi. For every Vi E V, let Bi be a resolving 
set of minimum cardinality of K\QHi and let B = Ui=!a B%- By Lemma 1 (iii) 
we have that Vi does not belong to any resolving set of minimum cardinality 
for K\ Hi. So, B does not contain any vertex from G. We will show that 
B is a resolving set for G H. Let x, y be two different vertices in G if. 
We consider the following cases. 

Case 1: x,y E Vi. There exists u E Bi such that d^QHi (x, u) ^ 
dKiQHi(y,u), which leads to d GQH (x,u) ^ d GQH (y,u). 

Case 2: x E Vi and y E Vj, i ^ j. Let v E Bi. We have dcQH(x,v) < 
2 < 3 < d GQH (y,v). 

Case 3: x,y E V. Suppose now that x is adjacent to the vertices of Hi. 
Hence, for every vertex v E Bi we have dcQH(x,v) = 1 < dc&H(y,x) + 1 = 
dc&H(y,v). 

Case 4: x E Vi and y E V. If x ~ y, then for every vertex v E Bj, with 
j ^ i, we have d GeH (x, v) = l + dc&H(y, v) > dc&H(y, v). Now, let us assume 
that x 7^ y. Hence, there exists v E Bj adjacent to y, with j ^ i. So, we 
have d GQH (x,v) = d GQH (x,y) + 1 = d GQH (x,y) + d GQH (y,v) > d GQH (y,v). 

Thus, for every two different vertices x, y of G H, we have r(x\S) ^ 
r(y\S) and, as a consequence, dim{G H) < ri\dim{K\ © H). Therefore, 
the result follows. □ 
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Theorem 13. Let G be a connected graph of order n\ > 2 and let H be a 
graph of order n 2 > 7. If D(H) > 6 or H is a cycle graph, then 

dim(G Q k H) = m(n 2 + if^dim^ H). 

Proof. Let S be a resolving set of minimum cardinality in GQH. By Lemma 
1 (iii) we have S D V = 0, as a consequence, S = U^Si, where Si C V*. 
Notice that, by Lemma 1 (ii), Si ^ for every i G {l,...,ni}. Now we 
differentiate two cases in order to show that r(x\Si) ^ (1, 1) for every 
x G Vi - Si. 

Case 1. H is a cycle graph of order n 2 > 7. If r(a\Si) = (1, 1) for some 
a & Vi — Si, then, since n 2 > 7, there exist two vertices x,y E Vi — Si such 
that dHi(x,v) > 1 and dHi{y,v) > 1, for every t> G S^. Hence, dcQH(x,v) = 
doQH(y, v) = 2 for every v E Si, which is a contradiction because, by Lemma 
1 (i), dcQH(x,v) = da Q H(y,v) for every vertex u of S not belonging to 

Case 2. D(H) > 6. Let x, y G — S^. Since S is a resolving set for 
G&H,we have r(x|S') ^ r(y\S). As we have noted before, by Lemma 1 (i) we 
have that dc&H(x, u) = d GQH (y, u) for every vertex u of GQH not belonging 
to Vi. So, there exists v G Si such that dc&H(x,v) ^ daoH(y,v) and, as a 
consequence, either (v ~ x and v ^ y) or (v ^ x and u ~ y). Now we suppose 
that there exists a vertex 6^-5; such that r(a\Si) = (1, 1, ...1). If there 
exists a vertex b & Vi — Si such that da^b, u) > 1, for every u G S^, then 
for every w G — (Si U {a, 6}), there exists v E Si such that w ~ Then 
D(Hi) < 5. Moreover, if for every 6 £ Vj - Sj there exists Wfe G Si such that 
w b ~ b, then £>(#) < 4. Therefore, if D(H) > 6, then r(a\Si) ^ (1,1, ...1) 
for every a G — 5j. 

Now, we denote by A'i Hi the subgraph of G Q H, obtained by joining 
the vertex Uj G V with all vertices of the i th -copj of H. In both the above 
cases we have r(vi\Si) = (1,1,.. .,1) ^ r(x\Si) for every x G Vi — Si, so 
Si is a resolving set for K\ © Hj. Hence, dim(K\ © iA) < |Sj|, for every 
i G {1, rii}. Thus, dim(G Q H) > ri\dim(K\ iA) and, as a consequence, 
dim(G Q k H) > ni(n 2 + l) k ~ l dim(Ki iJ). We conclude the proof by 
Theorem 12. □ 

Corollary 14. Let G be a connected graph of order n\ > 2. 

(i) Ifn 2 > 7, then dim(G Q k C n2 ) = m(n 2 + l)*" 1 • 

(ii) I/n 2 > 7, then dim(G Q k P n2 ) = n x (n 2 + l)*" 1 [^J . 
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All our previous results concern to GQH for H of order at least two. Now 
we consider the case H = K\. We obtain a general bound for dim(G © fc K\) 
and, when G is a tree, we give the exact value for this parameter. 

Claim 15. Let G be a simple graph. If v is a vertex of degree greater than 
one in G, then for every vertex u adjacent to v there exists a vertex x 7^ u, v 
of G, such that d(v, x) 7^ d(u, x) + 1. 

The following lemma obtained in [2] is useful to obtain the next result. 

Lemma 16. [2] // G\ is a graph obtained by adding a pendant edge to a 
nontrivial connected graph G, then dim(G) < dim{G\) < dim(G) + 1. 

Theorem 17. For every connected graph G of order n > 2 , 

dim(G® k K 1 ) < 2* -1 n - 1. 

Proof. If G = K 2 , then dim(K 2 K{) = dim(P i ) = 1. So, let us suppose 
G 7^ K 2 . Let us suppose, without loss of generality, that v n is a vertex of 
degree greater than one in G and let S = V — {v n }. For every i £ {1, n}, 
let Ui be the pendant vertex of Vi in G K\. We will show that S is a 
resolving set for G K\. Let x, y be two different vertices of G K\. If 
x = ttj and y = Uj, i ^ j, then we have either % 7^ n or j 7^ n. Let us 
suppose for instance z 7^ n. So, we obtain that d(x,Vi) = 1 ^ d(y,Vi). On 
the other hand, if x = w n and y = Ui, then let us suppose d(x,Vi) = 1. Since 
f n is a vertex of degree greater than one in G, by Claim 15, there exists 
a vertex £ S such that d(x,Vj) 7^ d(vi,Vj) + 1. So, we have d(x,Vj) 7^ 
d(fj, fj) + 1 = Wj) + Vi) = d(y, + d(vi, vf) = d(y, Vj). Therefore, 
for every different vertices x, y of G K\ we have r(x\S) 7^ r(y\S) and, as a 
consequence, dim(GQKi) < n — 1. Therefore, dim(GQ k K{) < 2 fc_1 n— 1. □ 

By Lemma 16 we have dim(K n K{) > dim(K n ) = n — 1. Thus, for 
/c = 1 the above bound is achieved for the graph G = K n . 

To present the next result, we need additional definitions. A vertex of 
degree at least 3 in a graph G will be called a major vertex of G. Any 
vertex u of degree one is said to be a terminal vertex of a major vertex v if 
d(u, v) < d(u, w) for every other major vertex w of G. The terminal degree 
of a major vertex v is the number of terminal vertices of v. A major vertex v 
is an exterior major vertex if it has positive terminal degree. Given a graph 
G, ni(G) denotes the number of vertices of degree one and ex(G) denotes 
the number of exterior major vertices of G. 
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Lemma 18. [6, 10, 19] If T is a tree that is not a path, then dim(T) = 
ni(T) — ex(T). 

Theorem 19. For any tree T of order n > 3, 

{7ii(T) for k = 1, 
2 k-2 n f or f,>2. 

Proof. If T is a path of order n > 3, then we have dim(T © Ki) = 2 = ni(T). 
Now, if T is not a path, then by using Lemma 18, since T K\ is a tree, 
n\(T QK\) = n and ex(TQA'i) = n — ni(T), we obtain the result for k = 1. 
Since for every tree T of order n we have n\(T Q K\) = n, we obtain the 
result for k > 2. □ 
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